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Fast deterministic method of solving the Boltzmann equation for hard spheres

A.V. Bobylev?, S. RjasanoW*

aKeldysh Institute of Applied Mathematics, Miusskaya sq. 4, 125047 Moscow, Russia
b Fachbereich 9 — Mathematik, Universitéat des Saarlandes, Postfach 151150, 66041 Saarbriicken, Germany

(Received 23 September 1998; revised 26 January 1999; accepted 5 February 1999)

Abstract — A special form of the Boltzmann collision operator for the hard spheres model is introduced. The possibilities of fast numerical computation
of the collision operator based on this form and the Fast Fourier Transform are discussed. A new difference scheme for the Boltzmann equation for
the hard spheres model is developed. The results of some numerical tests and accuracy comparisons with the Direct Simulation Monte Carlo (DSMC)
method are presented. 1999 Editions scientifiques et médicales Elsevier SAS
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1. Introduction

An overwhelming majority of numerical methods for the Boltzmann equation are based on Monte-Carlo-
type particle schemes (see [1-3] for a review). The main advantage of such schemes is their high efficiency,
where all algorithms are linear with respect to a number of particles. Obvious disadvantages of Monte-Carlo
schemes are stochastic noise and restricted accuracy. The Monte-Carlo methods are almost perfect if we are
only interested in lower (hydrodynamic) moments for the stationary problems. However, it is not that easy
to obtain more detailed information about non-stationary solutions of the Boltzmann equation by using such
methods.

On the other hand, the main disadvantage of deterministic methods is their lower efficiency: the numerical
work needed to calculate the collision integral for all grid points in the velocity space is, roughly speaking,
proportional to at leasW?, whereN is a number of grid points in the velocity space.

How can we overcome these difficulties? From the algebraic point of view, the computation of the Boltzmann
collision integral reduces on the discrete level to the evaluation of a certain quadratic form having a rather
complicated matrix. One of the most effective algebraic tools for this purpose is the algorithm of Fast Fourier
Transform (FFT) (see [4,5]). It requires a uniform discretisation in the velocity space which is convenient for
the Boltzmann collision operator. It is natural to try to use FFT for our goals. In particular, it is well known [6]
that the Boltzmann collision operator for Maxwell molecules is relatively simple in the Fourier representation.
We used this property in our previous paper [7] and constructed the fast deterministic scheme for this special
case of intermolecular forces. Another attempt to use the same simplification for the numerical solution of the
Boltzmann equation was made in [8]. However, the most widely used (and physically justified) molecular model
is the model of particles as hard spheres. Unfortunately, no serious analytic simplification of the Boltzmann
collision operator can be obtained for this model by the Fourier transformation. In spite of this fact, we show
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870 A.V. Bobylev, S. Rjasanow

in the present paper that FFT can be applied successfully to construct an efficient numerical scheme in this
important practical case as well.

Our scheme is based on the special representation (similar to the Carleman representation [9]) of the collision
integral for hard spheres. We derive the corresponding formulae in Section 2. Then, in Section 3, we construct
a method (based on FFT) of calculation of the collision integral. In Section 4 the completely conservative
numerical scheme for solving the spatially homogeneous equation is constructed. Some numerical results and
their comparison with the results obtained by Bird's DSMC method are presented and discussed in Section 5.
We note that our new scheme can be used for solving spatially inhomogeneous problems on the basis of the
splitting algorithm.

2. Transformation of the collision operator
We consider the following initial value problem for the spatially homogeneous Boltzmann equation for the

hard spheres model

0
Lwn=00 . 1>0vek  [0,0= o) >0 1)

where
0t = [, [ W(r@.nrw.n=rw.nfw.n)dude. @)

We use the following notations in (2):

— v, w € R3 are pre-collision velocities;

— dw is the volume element iR3 ;

— e € §2 C R®is a unit vector;

— de is the surface element on the unit sph&fe

— u =v — w is the relative velocity of collision partners;
— v/, w’ are post-collision velocities defined by

! U+1|| '=U 1|| U 1(+)
v = “lule, w'=U— =|ule, =-(v+w).
2 2 2

The first step in our consideration is to rewrite the Boltzmann collision operator, given in (2) in the usual form,
in a form which is more convenient for the application of the FFT algorithm. To this end we first prove the
following technical lemma.

LEMMA 1: The following identity holds for any appropriate test functibi) : R® — R:

/ <I>(z)8<(z,u)+}|1|2) dz:|u|/ O (Jule —u)de, (3)
R3 2 52

whereu € R3 denotes an arbitrary vecto(z, «) the Euclidian scalar product anéi(x) is the one-dimensional
Dirac delta-function.

Proof. —We begin the proof from the left-hand side of (3) noting that

/ ¢<Z>5(<z,u>+3|z|2) dz=2 [ @5 (1z+ul ~ luP)dz.
R3 2 R3
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Solution for Boltzmann equation for hard spheres 871
Using the substitution =z — u, dz = dz and immediately removing the tilde sign we obtain in the spherical
coordinates

z=pe, pel0,00), ecS? dz = p?dpde

the assertion of the lemma
1
/ <1><z>6(<z, )+ —|z|2) dz=2 [ o -w5(1zP ~ ul)dz
R3 2 R3

=2/ ,028(,02—|u|2)/ d>(,oe—u)ded,0:|u|/ O(lule —u)de. O
0 52 52

The next lemma presents a particular form of the Boltzmann collision operator which is very convenient for
numerical computation using the FFT algorithm. For simplicity we omit the dependence of the fufi@tion
on the variable in the following considerations.

LEMMA 2: The Boltzmann collision operat@g) for hard spheres can be written in the following form

0Uf. 1= [, [ 3((e1.e) (@00, en®v.e2) = )W (v. 0, €0) derdea @)

where the function® (v, e) and ¥ (v, eq, e,) are defined as
d><v,e>=/_ ol f (v + pe)dp. (5)
Voened= [ [ ipilloal {0+ pies + paea) dprdpe. ©)

Proof. —Using the previous lemma for
Q(Jule —u) = f(V) f(w) — f(v) f(w)

— 1o+ e = SLCE e = “) - rwsw)

we obtain forQ(f, f) the following integral:

L, 3(@w+302) (r(v+52) £ (w-5¢) - rrsan ) awz @)

Then using the substitution= 27 and again immediately omitting the tilde sign we get

0N =4[, 8(utD)(f@+2f w2~ ) fw) dwdz.

The next substitution i&» = y 4+ z + v. Thus, using this substitution addx) = §(—x) we obtain

of. f) =4/Rsst5((Z, M) (f+2)f+y) = f@) f+y+2)dydz.
Now we switch to the spherical coordinates
y = p1e1, 7= p2e2, dydz = pf,o%d,ol dpydeydes,
and obtain after simple transformations the following form of the collision ope@igt f):
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4/52 /525((61,62)) ((/0 p1f (v + prer) d,01> (/0 p2f (v + p2e2) dpz)

o0 o0
- f(v)/o /0 p1p2f (v + pre1 + p2e2) d,Old,O2> deydes.
The last step of the proof is to remark that
45((e1,€2)) =8((e1, €2)) +8((—e1, €2)) + 8((e1, —e2)) + 8((—e1, —e2)),

to use the substitutions, = —e;, p1 = —p1, €2 = —¢é, p2 = —p at the proper places and to extend the
integration in the inner integrals froff, co) to (—oo, 0o). Thus, the lemma is proved.0

REMARK 1. To the best of our knowledge the collision operatdtf, /) in the form (7) (for general

intermolecular potentidlwas first used if10] to derive a complete Landau expansion@(ff, f). A formula
similar to (4) (for a more general cagavas used irf11] to prove some inequalities f@ ( f, f). However, the
two short note$10,11] do not contain the proofs @#), (7). Actually, this sort of representation @f( f, f) is

already implicitly present in Carleman’s papg].

Note thatQ(f, f) has the special structure (4) only for hard spheres. We have presented the short derivation
of the formula (4) since it is the basis for our numerical method.

The integral (5) is called the generalised X-ray transform of the function, while (6) is the generalised Radon
transform.

Note that the function® (v, ¢) and ¥ (v, eq, e2) defined in (5), (6) are integrals of the convolution type and
can therefore be computed efficiently using the Fourier transform

0 & =FINE) = [ f)e D av. ®)

The inverse Fourier transform is then

F@) = F ol ) = / o()e O gt
R?’

1
(27)3
The function® (v, ) can be written in the following form:
(v, e) = F HFIPIE, e)] (v, e) = F* [/3 (v, e)e’(”’é)dv} (v, e)
R

=j_-_1[/_OO |p|</Rsf(v+pe)e’(”*5)dv) dp} (v, e).

Using the substitutiom + p ¢ = v we obtain

Sv,e) = F [ga(s) / " loleed dp} (v.0) = Fp(&) d (€. )] (v. o), ©)

whered((&, e)) denotes the one-dimensional Fourier transform of the fundii¢revaluated até, ¢). Since
this Fourier transform does not exist in the usual sense we are forced to consider it in the sense of distributions.
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Solution for Boltzmann equation for hard spheres 873

The distributiond can be computed analytically:

d¢) = _ 2
e
By analogy we get fol (v, e1, e2)
W (v, eq,e2) = F HpE)d((E, e1)d((£, e2)] (v, e1, e2). (10)

Thus, the computation of the Boltzmann collision operator for the given fungtion involves the following
steps:

1. Computation of the Fourier transforgié) of the functionf (v) as in (8).
2. The double integral over the unit spheres (4) containingstheaction is in fact the averaging of the
function
D (v, e1)@(v, €2) — f(V)V(v, €1, €2) (11)
over all possible pairs of unit, mutually orthogonal vectarse,. Note that

//6((61,62))d61deg=8n2.
52 .J 82

3. For the given paiey, e, the computation of the expression (11) results in multiplication of the function
@(&) with d((&, e1)), d((&, e2) andd((€, e1))d((&, ep)) as well as three final Fourier transforms as in (9),
(20).

Since the functiond(¢) is singular at zero we are forced to regularise it. Instead of the infinite interval of
integration in (9) we consider

(o) = [ 1;|p|el“dp. (12)
This function can be computed easily and we obtain
dg(x) = 2((xR) SiN(xR) + coxR) — 1) /x*
with dg (0) = R?.

REMARK 2. The regularisation12) means that we approximate the collision integil as

Of, H=Or(f. f), R— o0, (13)

where Or(f, f) is given by the same formu(d) in which the integralg5), (6) are evaluated over the finite
interval [—R, R] in (5) and over{—R, R] x [—R, R] in (6).

One can easily check that the approximation does not change the principal properties of the Boltzmann
equation (conservation laws, H-theorem, equilibrium solutions and even Galilee invariance).

To chooseR we use the following simple criteria. Assume thatv) = 0 for |v| > Ry, then the maximal
value |umay/ Of the relative velocity of particles does not exceeRy2Therefore Q(f, f) = Qr(f, f) if
R > 2Ry. Roughly speaking, the error of our approximation has the same order as the maximal vA{ug of
on the surface of the spherel = R/2. Fortunately, the distribution functiofi(v) usually decreases, such as
exp(—a|v|?) for large|v|?, therefore we need to estimateor a specific problem and then choaBesuch that
aR? > 4. For the equilibrium value = 1/(27T) this yields a rough rul& > 2/2T .
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3. Computation of the collision integral

The form of the Boltzmann collision operator described above is well suited for the fast numerical
computation of the collision operator for the given functiffv). Note that the main numerical work requires
the computation of three Fourier transforms for each pair of veetoes. Since the highly efficient algorithm
of Fast Fourier Transform can be employed in this situation we will get very high efficiency for the whole
procedure.

The averaging over all unit, mutually orthogonal vectarsz, can be done in a deterministic or in a stochastic
way. If we use a deterministic way we introduce some discrete set of such pairs, compute the expression (11)
for each pair and then take the average. The stochastic Monte-Carlo simulation is also very easy to perform.
The pairses, e, are chosen randomly, and then we take the average and control the stochastic fluctuations. In
this paper we concentrate on the deterministic way.

3.1. Generalised X-ray transform

The effective and accurate numerical computation of the generalised X-ray transform (5) is obviously the
most crucial step of our algorithm.

The numerical solution begins with the discretisation of the velocity sBieesing the nodes on the infinite
lattice h, 73

vw=V+hyk, h,>0, keZ (14)
Here,V denotes the bulk velocity
pV:/ vf(v,t)dv:/ vfo(v) dv, (15)
R3 R3
p= [ sondv=[_fowav. (16)
R3 R3

Note that the density, the bulk velocityV as well as the energy density per unit volufie

_} 2 _} 2
W_Z/REM f(v,t)dv—z/RgM fo(v) dv, an

remain conserved during the time evolution, denotes some positive discretisation parameter. Then the
continuous Fourier transform (8) can be replaced by the following discrete one

GE=hy > fe ™.
kez3

In order not to overload the following formulae we omit the tilde sign fr@tg) having in mind that we are
now dealing with some approximation for the functio() defined in (8).

The functiong (&) will be evaluated for the discrete set of points
Ej=hsj, h:>0, jeZ?

as follows:

0= 9E) =Y freh D, (18)
kez3
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Solution for Boltzmann equation for hard spheres 875

where the abbreviation; is used forf (v;). The algorithm of FFT requires the following relation between the
mesh size#, andh;:

2r
hvhé-:—, n=2" n eN. (19)
n

The last assumption is due to the especially effective FlaTisfa power of two.
Now it is easy to see that the values
Z fre' @ /m k)
keZ3
aren-periodic with respect to each single component of the vetttiris therefore sufficient to compute them
for

n n
i ——+1<;<=, [=123
J 2+ Ji >

The valuese' /&) are alsan-periodic with respect to the single components of the vektdihus, if the
parameters, andn are chosen so that the values of the functfa) can be neglected outside of the cube

2L
Q=[-L,LP®, 2L=hyn, h,==—, (20)
n
then we restrict the infinite summation in (18) to
1(V,&; 12 /n)(k,j . n n _
g; = (&) =hle'Vs) Zk:fke @r/mkd) - —5+1<k <3, =123 (21)

Now we discuss how to choose the paramdtecorrectly. As in Remark 2 from the previous section, we
assume for the moment thgt(v) = O for |v| > Rp. Then we need to choosk > 2R, to get the equality

O(f, f) = Qr(f, f). Moreover, it can be shown thaQ(f, f)](v) = 0 if |v| > v/2 Ro. Using the Fourier
Transform method we implicitly introduce a periodic extension of the functfgn) outside of the cube

[—L, L]3. Therefore we need to choose the paramdtesufficiently large to avoid any contribution of
neighbouring domains (i.e. outside of the cube). Simple geometric consideration shows that in order to obtain
correct (non-zero) values @ ( f, f) inside the spherg|?> = 2RZ we need to choose

3++42
2

1
L>§(R+RO(1+«/§))> Ro.
In practice it is reasonable to use the following valuesRaind L (for given Rg): R = 2Ry and L = 2.5Ry.
Finally we can formulate the following criteria of the choice ®fand L without mentioningR: choose the
basic cubd—L, L]® and putR = 0.8L in the above formula, then the error of the evaluatio@df, f) can be
estimated as max-x,2 f (v).

The next step is to rearrange the numbering of the components of the three-dimensiona}‘\emﬁr as
follows:

fi=te, (22)
where the components of the vectoare defined
I klv kl 2 ov
= =123 23
! { n+k, k<0, ! 23 (23)
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Thus, there is a one-to-one correspondence betwesak. Using (22) and the obvious property

o @My — i@ /mE])

we rewrite (21) as

G: =) =3V S fretCrm

ke
or in the matrix form
¢=h3DyFsf, @, feCN, N=nd (24)
Dy =diag(e'V5?, j e 0,), (25)

F3 € (CNXN.

0, is the following set of indices:
0,={jeZ*>0<;<n—-11=123}.

The matrix F5 in (24) is the matrix of the three-dimensional discrete Fourier transformidfa power of two
as is required in (19) then the computationgotan be done with QV log(N)) = O(rn3log(n)) arithmetical
operations using the FFT algorithm. Up to the constant factor the m@fixunitary

1 1

-1 *

The numerical evaluation of the generalised X-ray transform (5) in the kpatew results in

1 , ~
= (Zn)shg Z e S d (55, 0)) 5

jEQn o (26)
Z e @ mE]) g1 (ViED g (&, 6))95}
;EQn

_ 1 /13
- (27.[)3 &

or in the matrix form

P

= hiF*Dy'D,g,
(2n)3 ¢ v De?

where the diagonal matriRy is defined in (25) and
D, = diag(d (). €)), j € On)-
The components of the vectdr are related to those d in the same way as in (22):
D; = Py
Using (24), (19) and the commutativity of the diagonal matrices we finally obtain

~ 1 . ~
&= F"D.Ff. (27)
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The accuracy of the formula (27) is defined by three parameters: the cutting pard&metét2), the size
L of the cubeQ in (20) and the number of knots in one directionThere are therefore three different errors.
The first error is due to restriction of the infinite integration in (9) to the integration [ev&, R] in (12). The
second error is due to restriction of the infinite velocity spa&® the cube (20). The last error is due to using
the midpoint rectangular quadrature instead of the exact integration over the cube (20) and later, for the inverse
Fourier transform in (26). Thus we have quadratic accuracy for smooth functions. It is clear that the procedure
can easily be improved using other quadrature rules based on uniform discretisation such as the Simpson rule.
The only change in this case is an additional diagonal matrix in (27) containing the weights of the quadrature.

3.2. Averaging procedure

The next step is the numerical realisation of the averaging procedure over all pairs of unit, mutually
orthogonal vectors,, e, of the vectorF'(es, e»), i.e. the computation of the integral

/ 8((e1, €2)) F(e1, e2) deydes. (28)
§2x 52
The components of the vectérare
Fy(e1, e2) = (F*DiF ) (F*DoF )i — fi(F*D1D2Ff)r, k€ Q. (29)
Here we have used the following abbreviations:
Dy =diag(dg ((¢j.e1)), j € Qn),
Dy =diag(dg ((§;, €2)), j € Qn).
The vector (29) has the following important symmetry properties:
F(e1, e2) = F(+key, Lep) = F(Fea, Ley). (30)

Thus, we are able to reduce the computational work using this symmetry.
Then we consider the following parametrisation of the pair of the unit spheres in (28):

ex(p. 11, £1) = U (. 1) (cog&y), sin(z1), 0) ', (31)
e, 11, 02) = U, 1) ( — SiNZ2), cog), 0)", (32)
O0<p<2m, 1< u<l 0<¢ <2, 0< ¢y < 2, (33)

where the three-dimensional rotation matiiX¢, 1) is defined as follows:

w+sifgp(l—p) —singcosp(l—p) cospy/1— u?
U(p, ) =| —singcosp(l—pu) u+cosgdp(l—p) singy/1l— pu2
—cospy/1— pu? —singy/1— u? "

anda' is the transpose of. The idea behind the above parametrisation is the following. The vegtarsde,
define in the case; # +e, a plane inR3. Let

eq1 X ez

€3 =
ler X ez
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be the unit normal vector of this plane. The third column of the mdiri®, 1) is exactly the vectoes with
the usual parametrisation. The two first columns of the mdfii, 1) build an orthogonal basis in this plane.
Thus, there are such anglgsand¢, that the representation (31), (32) is valid.

The scalar produde;, e;) now takes the following form:

(e1, €2) =SiN(¢1 — &2)

which is convenient for further simplifications. Since the above transformation is orthogdnalef =
d¢ dudiyde) we obtain for the integral (28)

2 1 2 2
/ d¢ / du / / 5(SINCL — £2)) F(ex(@, 11, 21, ea(@. 10, 2)) d do.
0 -1 0 0

Substitutingt = ¢1, z =sin(¢1 — ¢2) with the Jacobian

d¢dz
1-22

did =

in the double integral with respect ¢, ¢, leads to

d¢dz
V1=

Removing theS-function we now obtain the integral (28) in the following form:

2r 1 )
/ / S(2)F (ex(dh, 1. £, O). ea(@, i1, ¢ — arCsing))
0 -1

2 1 2
[ o [ dn [ Flea@ ). exn o) de. (34)
0 -1 0

Using the properties

e1(m+¢, —p, =& +2¢) =—ei(d, 1, §),
e +¢, —pn, —¢ +2¢) =exe, 1, ),
erd, u,m+¢)=—e1(P, 1, %),
ep, u, m+¢)=—exd, 1, ),
e1(¢, u, w/2+ ) =exd, 1k, ¢),
e, u, /24 ) =—e1(¢p, u, ¢)

and (30) we restrict the integration to the intery@J) 1] with respect tou and to the interval0, 7z /2] with
respect ta;. Thus (34) takes the form

21 1 /2
8/0 qu/O du/o F(en(@, 11, 0), eal@, 11, ) d.
The discretisation of the parameter domgn2r) x [0, 1] x [0, /2] is realised using the nodes

(¢i17 Mips §i3) = (h¢(ll - 1)7 _1+ hu(iz - 1/2)7 h{'<l3 - 1))5
2 1 w (35)
hy=" h, = h=——,
¢ n¢’ I n,u e 2}1{
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whereng,n,,n, € N are new discretisation parameters. This choice of discretisation corresponds to the
numerical integration using the midpoint rectangular rule and is therefore of the quadratic order of accuracy for
smooth functions.

Our numerical tests have shown that the above discretisation does not cover all necessary symmetries which
are naturally involved in the analytical form of the integral (28). A completely symmetric integration rule for
the unit sphere should involve, together with an integration knot

(@, B.y)" €52, (36)
all its permutations and changes of the sign:

(o, £8,£y)T, (B, xa,+p)T,  (2y.£6. +a)",

(o, £y, £8)".  (Ey. ke BT, (B Ly Ea)".
That means that a non-trivial integration knot (36)

a#p#y#0

requires 47 (!) additional knots in order to keep the symmetry of the problem. Fortunately, most of them
are automatically involved in our integration rule having the knots (35) in the parameter domain because of
the reduction of the initial domain of integration and if we choageas a multiple of 4. Nevertheless, two
additional permutations are necessary to keep the symmetry. We introduce three permutation matrices

100 100 001
P=1010]{, P,=1001]{, P;=1010
001 010 100

Then an approximation fa@ ( f, f)(v;) can be computed as

8772 3 ng.nung
> ((F3D19)(F5D29)i — fi(F3D1D2¢)y). (37)

ip,iz=1

e ——
Snpnung

Here we have used the following abbreviations:
1 .
Y= Estv (38)

Dy =diag(dr ((§}, €1 j.iriniz))s J € Qn)s €1 jirinis = PiU @iy, hi,) (COLLss), SIN(Eiy), O)T, (39)

. . . T
Dy =diag(dg ((§}, €2,j.i1.iiz))s J € On)s €2 jininis = PiU (i, iiy) (— SIN(E;,), €09L1,), 0) . (40)
Note that the diagonal matricé®;, D, do not depend on the problem and therefore can be computed once in
advance and stored in the computer for further use. The arithmetical work for the numerical evaluation of the
Boltzmann collision operator at all knots @, is O(ngn,n.n°log(n)).

4. A difference scheme

In this section we discuss an explicit difference scheme for the initial value problem (1) and investigate its
conservation properties.
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4.1. An explicit scheme

Using the initial condition in (1) we compute the initial vector using the nodes (14)

fPER” f2=fow). kike Q.
Then the time steps are

fm+1:fm_+_rqm’ >0 m=01,..., (41)

where the vectog™ is defined in (37). Note that now we ug# in (38) instead off. It is obvious that the time
step parameter should be chosen small enough to guarantee that all components

87'[2 3 ng.nyu.ng
Z Re(F;D1D2¢™),

nlte Jj=1i1,iz,iz=1

1—
t 3ngn

remain positive during the time steps. This is the usual time-step restriction for explicit schemes.
4.2. Conservation properties
One of the most important properties of the Boltzmann equation is the conservation of the debsilty

velocity V and energy density¥ (15)—(17) during the relaxation. The numerical form of these macroscopic
guantities is

pn=hy>_ "
J
PV =hy ) _ifj', 1=123,
J
(Ph)y = hiz ((vj)l)zf]m’ =123, (42)
J
Wo= ()0 + () + ()s9). @3)

We firstly remark that the density, is conserved because of the following considerations. We use (41) and
obtain

Pt =Y AT =Y R Thy Y a)!
k k k

872p3 3. el
v

N (FiDw", F5Dag") — (f™", F5D1D2y™).

MM uMe 577 ) g ia=1

Since
F3F; = n’l, (44)
we obtain with (38)

(F;Dl(pm, F;ngom) — (fm, F;DlngOm) = 0, Vil, iz, i3, ]
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Thus, the numerical density is conserved.

Using (14) and the numbering of components as in (23) we can represent the above quantities as the following
scalar products:

on =h3(g@, fm), (45)
g¥=e®e®ececR”, (46)
on(Vi1=h3(Vi)1(g@, /™) + 13(g®, f™), (47)
gV=a@execR", (48)
(P) =k (V1) (9, ™) + 203 (Ve (g, ™) + 13 (g@, f™), (49)
¢?=b®execR". (50)

Here® denotes the Kronecker product. Tixelimensional vectors, a andb are defined as follows:
e=11,...,1)" eR",
a=hy(0,1,...,n/2—1,0,—n/2+1,...,-1T e R",
b=h2(02, 12, ... . (n/2— 12, (/2% (—=n/2+ D2, ..., (-1)?) " eR".

Using (45) in (47) and then (42), (45) in (49) we rewrite these conditions as

pn=h3(89, ), (51)
0=h3(g™. /™). (52)
(le)ll—ph(th:hg(g(z),f’”). (53)
Our next aim is to rewrite (51)—(53) in terms of the Fourier transfefhof the vectorf™ with
m 1 rm
" == Faf".
n

The three-dimensional Fourier transform matFixfulfils
" =h§’F3f’", FBR=FRQrner. (54)
Here F; denotes the matrix of the one-dimensional Fourier transform having the elements

flm:el(zn/n)lm, l,m=0,...,l’l—1.

Using (44) we rewrite (38) as

f"=F¢"
and the scalar products (51)—(53) as
pn=h3 (8 Fi9™) = h3(Fag®, ¢™),
0=hy (g™, F5™) =hj(Fag™, ¢"),
(P11 — on (Vi1 =13 (82, Fig™) = 3 (Fsg®, o™).
Thus, we need to compute the Fourier transforms of the vectors (46), (48) and (50). Using

flm:fl,n—my m=1,...,n/2,
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and the well-known property
(A® B)(C®D)=(AC)® (BD)

of the Kronecker product, we get

F33®=(FL@ FiI® F1)(e®e®e) = Fie ® Fie ® Fre,

Fgg(l) =(F1QFQ®F)(aQ@e®e)=Fia® Fie @ Fie,

F33P=(FLQFiQ F))(b®eQ®e) = F1b Q Fie @ Fie.
Therefore the problem remains to compute the one-dimensional Fourier transforms of the ajectomd b.
The Fourier transform of the vecteris trivial:

(Vo) = (Fre); =nd0, Vo= (n,0,...,0)7,

whered; ,, denotes the Kronecker symbol. The following technical lemma will be useful to compute the Fourier
transform of the vectors andb.

LEMMA 3: The following relations are valid

n/2—1 P
27T 05 _0’
>k sin(—kj) = 1 / (55)
P n L=/ eot(2)), j=1,...,n—1,
n/2—1 1 | —
2 2= —2)(n — Dn, =0,
Sk cos(—kj) _ ) ol 4 )1( ) ) / (56)
pr n %(—1)” (5—sin?(Zj)), j=1....n—1

Proof. —We use the equality

for g = ¢'**, differentiate it once for (55) and twice for (56) and finally evaluate it at (2 /n)j. The real
parts of these expressions lead to (55) and (56) correspondingly.

Now we compute the Fourier transforms of the vectoendb using the property (55):

n—1 n/2-1 n/2—1
Bi=(Fa);=> arfix=hy Y k(fix— finm)=20hy Y kIM(fj)
k=0 k=1 k=1

n/2—1 .
2 0, =0,
=2h, Y k sin(—nkj) - ‘ /
pet n th,2(=1/*cot(Zj), j=1,....,n—1
Note that
B1=PBu2=0, Bi=—Buj, Jj=1,...,n/2—1

Thus, for the three-dimensional Fourier transform of the vegtBwe get the following result:
1 @ 2
(F3g( ))j = F3g(j1,j2,j3) =n"fj18},08js,0-
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Equation (55) now takes the form

n/2-1 n/2—-1
) T
0=n’h > B (@100~ ¢n—jp00) =n°hy Y _ (=D COt(;Jl) IM @100 (57)
j1=1 j1=1

The Fourier transform of the vectércan be computed similarly:

n/2—1
ij(Flb)] Zbkfjk— < f]l‘t/2+zk(fjk+f]n k))

k=1

n/2-1 n/2—1 o
( (-7 +2 > k*Re(f;, k)) —h2< =D/ +2> k* cos(—k])>

k=1 k=1

n(n?+2 .
_e ) J=0
| A-Dsin?3(Zj), j=1,...,n—1

Note that
y] = Vn—j, .] - n/2 1
Thus, for the three-dimensional Fourier transform of the vegi%rwe get the following result:

2
(F3g( )) = F3g(11 Jjoja) =1 V11812,08j3,0'

Equation (55) now takes the form

n/2—1
2,3
(pﬁ)n — pn(Vi)1=n"h;, (VO@%,O,O) + Z Vit (90?}1,0,0) + 90?,11_]1,0,0))>

j1=1
n2+2 1 et .
3h5< 1o Prt 5Pw200 + > (=D’tsin 2(;]1) Reg(i, 0.0 |- (58)
j1=1

Using (57) and (58) we obtain the formulae for the functipffs / =1, 2, 3:

n/2—1
Img; —tan% > (=" cot( )lmwmel, (59)

m=2

P — (Vi n?42 1
Re(pm — S|n2 ( )ll Ioh( h)l + ph+§(p,'1n/221

n3h3 12
n/2—1 (60)
T
—D"sin™?( —m | Re
+ zzjz (-1 (n ) %,)
(p—el = (p_ep l = 15 25 3 (61)

Thus, formulae (59)—(61) allow the componeits, [ = 1,2, 3, to be defined such that all numerical
moments of the distribution function are conserved during the computation. The imaginary parts of these
components are prescribed (this conserves the bulk velocity) as well as the efitine real parts (this
conserves the energy, cf. (43)). In order to find the concrete valués= 1, 2, 3, of the real parts for the given
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7, 1 =1, 2,3, we minimise the norm of the differendie — F||§ under the conditiorir,e) =s, e= (1,1, 1)".
Simple computation yields the following correction:

r:F—:—g((f,e)—s)e.

What is remarkable is the very low computational work required by these formulae: it is of the capital order
O(n) because only the knots placed on the axes are involved.

5. Numerical examples

In this section we calculate an example of the relaxation using our difference scheme. The initial distribution
fo(v) is given by
1 Iv—V1I2> ( Iv—Vz|2>)
=—+ | expl ————— expl —————— ) ),
fo(v) 22n)2 ( p( > +exp 5

Vi=(2,207,  V,=(-220".

The initial and asymptotic values of non-trivial moments of the distribution funcfian ¢) and the conserved
macroscopic quantities for this example are

where

p=1, V=(0,1,0, T =8/3,

p11(0) =5, p11(00) = 8/3,
p12(0) =2, p12(00) =0,
p22(0) =3, p22(00) = 11/3,
p33(0) =1 ps3(00) =8/3,

q1(0) =4, q1(00) =0,
q2(0) =13, g2(00) =43/3,
where

pi.j(t) =/3Uivjf(v,l)dv, qi (1) :/3vi|v|2f(v’t)dv’ i,j=123. (62)
R R

In order to obtain the reference solution of this problem we use the standard DSMC method [2] with
10000 particles and generatgs, = 10, 100 and 1000 independent trajectories. The next figures display the
confidence bands for some of the above moment#jgy= 10 as well as the numerical solution obtained using
our scheme fol =10, R=7, n =16, ny =16, n, =4 andn, = 4.

In figure lit is clear that just 10 independent trajectories of the DSMC already lead to sufficient accuracy in
the computation of the time evolution of the second moment. The computational time of the DSMC method is
only about 2% of our method.

However, the situation changes if we are interested in computing the time evolution of the third moment,
as shown irfigure 2 The width of the confidence bands indicates that the accuracy of the computation using
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14.5 -7 N b

13.5r

13 f

0 0.1 0.2 0.3 0.4

Figure 2. Relaxation ofy» and the confidence bands W¢ep = 10.

10 independent trajectories is rather low in this case. There is only the possibility to increase the accuracy by
using more independent trajectories. The increase of this value to 100 and finally to 1000 leads to better results
which are presented figure 3
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14.2 ]

13.8 b

13.6 b

13.4 b

13.2r b

1 ! L L

0 0.1 0.2 0.3 0.4

Figure 3. Curves forNrep= 10, 100, 1000.

Figure 3 shows the empirical means for M0 and 1000 trajectories of DSMC (thin lines) as well as
the curve obtained by our method (thick line). There is very close agreement in the resultg,fer1000.
However, the computational time of the DSMC method is now twice that of our method.

It is also important to consider the memory requirements of the method. We need torsta@onents
for the vectorsf™ and g™ in (41). It is also useful to store all diagonal matrices (39), (4G (@, n, n;
components) in order to accelerate the computations. Note that these matrices can be used for all spatial cells
if we are solving a spatially inhomogeneous problem. Some additional but rather small storage is required by
FFT. Since the parameteris at least 16 the memory requirements of the method presented are quite high.
Especially for the spatially inhomogeneous problems this can lead to serious problems if the variation of the
macroscopic quantities in the physical space becomes large. It is clear that the DSMC method is almost free of
these difficulties.
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